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Abstract

The aim of this thesis is to introduce the distributed optimization algorithms and their
application in a decentralized way, where the solution of the optimization problem
is reached by dividing the calculations to different computation units. Different
types of algorithms, such as ADMM or ALADIN are defined, in order to use them in
machine learning. The training process is described and explained on an artificial neural
network example. The thesis also provides the result of applying several distributed and
decentralized optimization algorithms on linear and nonlinear mathematical problems
and their comparison in convergence rate and computational burden. Finally, the same

approach is used on model evaluation in machine learning.

Keywords: distributed optimization; decentralized optimization; ADMM; ALADIN;

machine learning; artificial neural network






Abstrakt

Cielom prace je predstavit algoritmy distribuovanej optimalizacie a ich aplikiciu
decentralizovanym spdsobom, kde riesenie optimaliza¢ného problému je dosiahnuté
rozdelenim vypoc¢tov medzi rézne vypoctové jednotky. V praci su taktiez definované
rozne typy algoritmov, akymi si napriklad ADMM alebo ALADIN, za tcelom ich
vyuzitia v strojovom uceni. Trénovaci proces, ktory je siicastou stojového ucenia, je
popisany a vysvetleny na umelych neurénovych sietach. Priaca obsahuje zhodnotenie
aplikovania niekolkych distribuovanych a decentralizovanych algoritmov na linedrne
ale aj nelinearne matematické problémy a ich porovnanie v rychlosti konvergencie a
vypoctovej zatazi. Nakoniec je rovnaky pristup aplikovania a porovnania pouzity aj

pri procesene trénovania v strojovom uceni.

KItcové slova: distribuovand optimalizicia; decentralizovand optimalizacia; ADMM;
b b bl

ALADIN; strojové ucenie; umelé neurénové siete
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CHAPTER 1

Introduction

In recent years, nonlinear optimization problems arise in various fields. Economics,
banking, computer science, automotive industry, energy industry, process control, etc.
The most common solution to such problems is to use model predictive control (MPC).
Nowadays, a lot of approaches based on MPC were invented, in order to find the global
optimum of the nonlinear problem very precisely and as fast as possible. But we are
facing large-scale and more complex problems every day, where the application of MPC

is insufficient, because of high computation time and low memory space.

Fortunately, these problems are often structured to have separable objective and

constraints in the form

N
L min ; fi(zi)
N (1.1)
s.t. ZAZ‘JJZ =b,
i=1
where f; : R™ — R can be convex or nonconvex functions and x; € R™ ,¢=1,..., N are
a vectors of optimized variables. Matrices A1, ..., Ay, and vector b are given and they

represent the model dependencies between subsystems [10]. Based on this structure, the
optimization problem can be divided into a large number of interconnected subsystems
(agents) in the network. The cooperation between agents is required to achieve a

desired global solution.



2 Introduction

Since the optimization problem is distributed among agents, it is called the distributed
optimization algorithm. This approach is known for decades, but mainly in a centralized
way. It means, the agents have connection only with one central unit, which stores
the information from agents and provides necessary calculations. But the centralized
framework has its limitations such as high computational burden, single point of failure,
limited flexibility, and substantial communication requirement. This is the reason, why

decentralized optimization is gradually used in large-scale nonlinear problems.

In decentralized algorithms, each agent holds the estimation of the optimized variable
and the update of its value is performed based on the information received from its
neighbors and its own information. This information exchange process iteratively leads
to a global solution. Modern algorithms for distributed and decentralized optimization
is often based on dual decomposition or augmented Lagrangians and the method of

multipliers.

Dual decomposition (DD) algorithms are based on solving the decoupled optimization
problem with separable, strictly convex cost function and separable constraints. The
way to solve such a problem is to use the gradient ascent method as suggested in
[14] or [I6]. An alternative to DD algorithms is the alternating direction method
of multipliers (ADMM), originally introduced in [7]. In comparison with DD, the
construction of dual function is not required, but the solution is found by using the

augmented Lagrangian form.

In addition, this paper deals not only with algorithms for a convex objective but also
the algorithms, which have been developed for solving the distributed non-convex
optimization problems. One of these types of algorithms is recently proposed augmented
Lagrangian based alternating direction inexact Newton method (ALADIN). ALADIN
has a lot of benefits in comparison with ADMM and they are discussed in the paper.

The distributed and decentralized optimization is not only used for solving large-scale

problems, but its implementation arises also in the field of machine learning. We live



in a data era. Our phones, tablets and laptops are full of data, which can be very
useful not only for companies and their marketing strategies but mainly for us, for our
finance or our health. The sharing of the data could lead to an improvement in many
fields. However, the privacy concerns have appeared, in order to prevent a misusage of
the information. That is why the rapid development in decentralized machine learning

has been realized.

This represents the motivation of the thesis. To understand the distributed algorithms
and be able to use them in a decentralized way for solving the problems starting
with simple convex problems and ending with large-scale non-linear and nonconvex
problems. But mainly, to be able to apply this knowledge in machine learning in order

to keep privacy.



Introduction




CHAPTER 2

Distributed Optimization

To understand the definition of decentralized optimization, we will first introduce the
concept of distributed optimization. The distributed approach of solving optimization
problems is based on the decomposition of a problem (if it is possible) to several
other subproblems with certain cost functions. The subproblems are distributed to
the agents (calculation units, processors, etc.), where computations are performed
synchronously and the partial results are shared on the network, between agents [19].
This result exchange iteratively leads to the global solution of the initial optimization

problem.

Centralized optimization is a coordinated policy to solve a problem that considers
the system under study as a whole one system. Generally, it solves the optimization

problem in the form

min f(x)
¥ (2.1)
s.t. Ax =b,

which is explained further in Sec. 2.I] On the other hand, a no-coordinated policy to
solve a problem considering the system under study as a number of sub-systems which

are optimized separately is called decentralized optimization. In comparison with (2.1)),
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a definition of the decentralized optimization problem can be constructed as

N
mggin Z fL(ZL’,)
=1

N
s.t. ZAzxz = b,
=1

where constraints are defined in form, where variables are not interdepent [12].

2.1 Dual Ascent

The dual ascent method is the optimization algorithm, which provides some useful
background and motivation to algorithms of distributed optimization. We consider

the convex optimization problem with equality constraints in the form

min f(z)
r (2.3)
s.t. Ax =b,
with variable x € R™, where A € R™*" b € R™ and f: R™ — R is convex.
The Lagrangian for problem (2.3)) is
L)) = f(z) + AT (Az — b), (2.4)
and the dual function is
g(\) = inf L(z, \) = inf (f(z) + A" (Az — b)), (2.5)

where ) is the dual variable or Lagrange multiplier. The dual problem of (2.3)) is
max g(A), (2.6)

with variable A € R™. The optimal values of primal and dual problems are the same,
if we assume that strong duality holds. We can recover a primal optimal variable x*

from a dual optimal variable \* as

x* = argmin L(z, \*). (2.7)
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Dual optimal point is obtained as a solution of (2.6
\* = arg max L(z*,\). (2.8)

This solution cannot be used, because it could lead to infinity. So in the dual
ascent method, the dual problem is solved by using gradient ascent. If g(\) is
differentiable, then the gradient Vg(\) can be evaluated as Vg(\) = Az — b, where
2t = argmin L(x,)\). It is obvious that, Vg()) is then the residual for equality

constraint. The dual ascent method consists of the following updates

2F T = argmin L(x, \F), (2.9a)

MHL = \F ok (APt —b), (2.9b)

where the superscript k is the iteration counter and o > 0 is a step size. The dual
variable A can be interpreted as a vector of prices. As we can see, with appropriate
choice of a*, the dual function increases in each step, i.e., g(A\**1) > g(A\¥) [3], so this
algorithm is called dual ascent. The biggest benefit of the dual ascent method is that
it can lead to distributed algorithms.

2.2 Dual Decomposition

Dual decomposition relies on the observation that many optimization problems can be
decomposed into two or more subproblems [16]. Let suppose, that the objective f is

separable, meaning that
N
v) =Y filxi), (2.10)
i=1

where = (z1,...,zy) and the variables z; € R™ are subvectors of vector x. Also
the matrix A can be separated into A = [A4;,..., An], so Az = Zfil A;x; and the

Lagrangian can be written as

N N
= Li(zi,N) =Y (filz:) + AT Aiz) — —ATb (2.11)
=1 1=1
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which is also separable in x. This can lead to the optimization problem, that can be
splitted into N suproblems. Then these subproblems are parallelly solved. Explicitly,
the algorithm is

xliHl = argmin L;(z;, \¥), (2.12a)

T
AL = \F ok Akt —p). (2.12b)
The z-minimization step (2.12al) is realized independently, in parallel, for each iteration
k and each agent i. Once the dual variable A**! is computed in dual update step
(2.12b)), it is immediately distributed back to agents, which again individualy perform

step (2.12a]). In dual decomposition, the dual ascent method is also used on decomposed

optimization problem [7].

2.3 Augmented Lagrangians and the Method of Mul-
tipliers

Augmented Lagrangian methods were developed in part to improve the dual ascent
method. For now, the distributed algorithms assumed that f is strictly convex. The
augmented Lagrangian methods should bring robustness to distributed algorithms

without mentioned assumptions. The augmented Lagrangian for (2.3]) has a form
Ly(x, ) = f(2) + AT (Az = b) + £l Az — b3, (2.13)

where p > 0 stands for the penalty parameter. If p = 0, then L( is the standard
Lagrangian for the problem. We can afford to add the term |[Az — b[|3 in (2.13)),
because the augmented Lagrangian is equal to original for any feasible x. The benefit

of including the penalty parameter is that dual function
gp =1inf L,(z, \), (2.14)
x

can be differentiable under mild conditions in comparison to the original problem.
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Applying dual ascent to the introduced, modified problem construct the algorithm
2 = argmin L, (z, \¥), (2.15a)
AL = \F L p(Azk L — b)), (2.15b)

which is known as the method of multipliers. It can be seen, that the algorithm is
almost the same as the original dual ascent. But instead of standard Lagrangian Ly,

k

the augmented Lagrangian L, is used and the step size o is substituted by penalty

parameter p.

The benefit of this method is in good convergence properties, but it also has its limits.
Even the f is separable, the augmented Lagrangian is not and that is the reason, why
the decomposability is lost in the method of multipliers. We will see how to address

this issue next.

2.4 Alternating Direction Method of Multipliers

Alternating Direction Method of Multipliers (shortly ADMM) is an algorithm that
combines the good convergence properties of the method of multipliers with the

decomposability of dual decomposition. The algorithm solves problems in the form

N
min filz;)
‘ ; (2.16)
s.t. Axr =0b,

that can be modified as follows
N
min fi(xs)
P> )
s.t. Ar+ By =0,
where y = (y1,...,yn) is vector of initial guesses which are updated in each iteration.

In general, the y represents the global optimal solution for the current iteration. As in
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the method of multipliers, we form the augmented Lagrangian

Ly(z,y,\) = f(z) + AT (Az + By — b) + gHAa: + By —b|2. (2.18)

ADMM consists of the iterations (for specific details see Algorithm [1)

2" = argmin L, (z, y*, \¥), (2.19a)

y**! = argmin Lp(x’”l, y, AF), (2.19b)
y

MNHL = \F 4 p(Az + By — b), (2.19¢)

where p > 0. The algorithm is very similar to the method of multipliers, but it consists
of one additional step, y-minimization step. In some application, this step can be
replaced by evaluating the average value of all local optimized variables. Then, the part
||Az + By — b||3 can be also separable, what indicates the improvement in comparison

to method of multipliers.

Algorithm 1: ADMM

Input: Initial guesses y € R™ and A\; € R™ and a numerical tolerance € > 0.

Repeat:

1. Choose a penalty parameter p > 0 and solve for all 4 € (1,..., N) the decoupled nonlinear
optimization problems (NLPs)

min (f(a:i) + ] (Agzi + Biy — b) + g||Aixi 4+ By — b||§> . (2.20)
g

2. If || Zil (Ajz; + Biy — b) ||1 < &, terminate with * = y as a numerical solution.

3. Solve the coupled quadratic problem
min (Aj(Aizi +Biyt =) + £l A + Byt - bug) : (2.21)
y

4. Implement the dual gradient steps

AS =X+ p(Aiz; + Biyt —b). (2.22)

5. Update the iterates y +— y+ and A <~ At and continue with Step 1.
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In ADMM 2z and y are updated in an alternating fashion, which accounts for the
term alternating direction [3]. The separation of algorithm to three steps is what
allows for decomposition. The limitations of ADMM are that it may be divergent, if f;
are nonconvex functions and also the convergence rate of this method is very scaling

dependent.

The ADMM algorithm was applied on various types of problems, which needed to be

divided in subproblems and the results are described in experimental part of thesis.

2.5 ALADIN

Augmented Lagrangian based Alternating Direction Inexact Newton Method (shortly

ALADIN) concerns structured convex optimization problems of the form
N
i=1

N
s.t. ZAZ'!EZ‘ =b.
i=1

It also can be transformed in form (2.17)). We define the Augmented Lagrangian for

(2.23)

each iteration ¢ as in ADMM
Ly(a,y,A) = f(@) + AT (A + By —b) + S|l Ae + By - b3, (224)

where x = (z1,...,zy) represents local optimization variable, y = (y1,...,yn) is
vector of initial guesses which are upgraded in each iteration according Algorithm
And

|Az + By — b||3 = (Az + By — b) ' ©(Az + By — b), (2.25)

where ¥ is positive semi-definite matrix [10].
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It is obvious that the cost of one ALADIN iteration is exactly the same as the cost
of one ADMM iteration since the only difference between these two algorithms is
that ALADIN maintains only one dual variable A € R™ that is updated in a slightly

different manner than the dual variables \q,..., Ay € R™ from Algorithm [I]

Algorithm 2: ALADIN

Input: Initial guesses y € R™ and A € R™ and a numerical tolerance € > 0.
Repeat:
1. Choose a penalty parameter p > 0 and positive semi-definite matrices 3; and solve for all

i € (1,...,N) the decoupled NLPs

min (£Gex) + AT (s + By =) + Zl|Ase + By~ {1, ) (2.26)

@
2. If || ZZI\LI (Ajzi + Biy — b) |1 < e and p||X;(Asz; + By — b)||1 < ¢, terminate with z* = y as
a numerical solution.

3. Compute g; = V fi(z;), choose H; = V2 f;(z;), and solve coupled quadratic problem

N
1
w2 (a0 el o)

=t (2.27)

N
s.t. ZAi(xi—f—Axi):b | At
i=1

4. Update the iterates y < x + Az and A + AT and continue with Step 1.

For many cases, the choice of g and H is introduced in Algorithm [2] But the selection
must be different, if ALADIN is applied to the problem with private and sensitive data.
Therefore, the gradient and hessian matrix for our test cases were chosen randomly

and tuned to achieve a satisfactory result.

The advantages of ALADIN in comparison with ADMM were introduced in [I0].
Shortly, ALADIN provides a significant improvement in convergence properties, even

with the non-convex optimization problems.
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2.6 Decentralized Optimization

First we start with centralized optimization. In a centralized way of distributed
optimization, the local optimum of each agent is shared among the network and send
to the central unit (Fig. 2.1A.). The central unit provides global optimum (based on

global optimization, averaging etc.) and its distribution back to the agents.

A ' B.
Agent1 | Agent 1
Central

Agent 4 Unit Agent 2 Agent 4 Agent 2
Agent3 | Agent3

Figure 2.1: A. Centralized configuration, B. Decentralized configuration

On the other hand, in a decentralized way, there is no central unit. The agents are
connected in some pre-defined pattern (for instance Fig. ) and share the local
result only with their connected neighbors. The global result is then calculated in each
agent, based on the information and local results from mentioned neighbors [18]. To
understand the motivation of choice the decentralized approach over centralized, we

will discuss the pros and cons.

The centralized optimization is an algorithm with fast convergence (in comparison with
decentralized). The reason is, the central unit has knowledge about local optima from
all agents and provides the global result based on this information. More information,
better convergence. But with more information the memory demand and computation

burden increase. Because of these disadvantages of centralized optimization, we decided
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to focus on decentralized optimization.

Table 2.1: Pros and cons of centralized optimization

Centralized optimalization

Advantages Disadvantages

+ fast convergence | - memory footprint
- computation burden
- one point of failure

- price

By selecting the decentralized approach, we decided to give up the fast convergence
properties. The information exchange works only locally and that is the explanation
of slower convergence. Hand in hand with less information, the computation burden

and memory demand decrease [20)].

Table 2.2: Pros and cons of decentralized optimization

Decentralized optimalization
Advantages Disadvantages
+ memory footprint - slower convergence
+ computation burden | - price

The price question is contentious. Each iteration cost something, so the faster conver-
gence, the less price. But it also depends on the number of connections between agents
or central units and agents. The difference between the two mentioned approaches

will be also discussed in the experimental part of the thesis.



CHAPTER 3

Machine Learning

Machine learning is an application of artificial intelligence that make systems to be
able to automatically learn and improve from experience without being explicitly
programmed. The main goal is to find a solution to the problem without any human
intervention. The learning process is based on training data, which has to be provided.
A lot of learning approaches and models exist. In this chapter, we will introduce the

deep learning approach to the artificial neural network model.

3.1 Types of Machine Learning

In recent years, rapid development in machine learning has been observed. The
behavior of machine learning has been tested on various tasks and problems based on
different learning approaches. With increasing discoveries and improvements in the
field of machine learning, the numbers of approaches, model structures, and even the
types of performed tasks have arisen and the existing types of machine learning have

been divided into several groups as shown in Tab.
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Table 3.1: Categories of machine learning

MACHINE LEARNING
1. Performed task | 2. Learning approach 3. Model structure
) ) supervised neural networks
classification
) unsupervised decision trees
regression
reinforcement support vector machines

3.1.1 Machine Learning Tasks

Even though there are many tasks, in various types of problems, that can be handled

by machine learning, the tasks are divided only into two main groups.

o (lassification tasks

The classification predictive modeling task is based on approximating a mapping func-
tion from input variables to discrete output variables. In general, the mapping function
predicts the class or category for a given observation. It is common for classification
models to predict continuous values, which can be reffered as the probability of a given
example belonging to each output class. For instance, an email can be classified as
spam or not spam. The machine learning provides the prediction model, which can
distinguish between these two email classes. The output carries information about
probability, to which class a received mail belongs. To verify the skill of model the
classification accuracy has been introduced. It is a percentage of correctly classified

examples out of all predictions made.

e Regression tasks

On the other hand, the regression predictive modeling task is based on approximating

a mapping function from input variables to continuous output variables. The output
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variable can be any real number, such as integer or floating-point value. These often
represent the quantities or other functional dependences [6]. A simple example is the
estimation of salary depending on the age of an employee. There are no categories, but
the dependence between age and salary is found, based on real data. This predictive
model can be very beneficial in healthcare or process control. The skill of the model
is reported as an error in the provided predictions. An error can be evaluated as an
absolute value between expected and predicted output or the square of this difference,

etc.

3.1.2 Machine Learning Approaches

Nowadays, there are three types of learning approaches for machine learning.

e Supervised learning

Supervised learning is the process of training based on a training input-output pairs set.
The main idea is to approximate the mapping function, to provide the desired output
for a given example, based on iterative learning and evaluation of error (correctness)
at the end of each iteration. Once the model is trained, it can be used to assign
output value to any input value even outside the training set. It is called supervised
because the process of learning from the training set can also be understood as a
teacher supervising the learning process. This approach is widely used in many fields,

for example for risk evaluation, fraud detection, or prediction of financial results.

e Unsupervised learning

Another approach is called unsupervised learning. This type of machine learning
searches patterns in supplied data set with no pre-defined outputs, in contrast to
supervised learning, where outputs are provided. This modeling process was introduced

mainly for classification tasks. Literally, the demand for machine learning is to learn,
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how to find or evaluate the output. The algorithm consists of logical and mathematical
operations, that allow machine learning to identify the differences between inputs and
then categorize them. The application of unsupervised learning is mainly in item

categorization, clustering customers, and similar item recommendations.

e Reinforcement learning

Reinforcement learning is a subfield of machine learning that teaches an agent, which
action to take in a particular environment, in order to maximize rewards over time. In
this notation, the agent represents the program we want to train to do a job we specify.
The environment is a real or virtual world, in which the agent performs actions. Each
action causes a status change in the environment. And the reward is the evaluation of
an action, that can be positive or negative and which represents the correctness of the
action. The goal is to maximize reward, which can be defined as some cost function.
The reinforcement approach is used in a very attractive area of robotics, games, or

self-driving cars [2].

3.1.3 Model Structure

In machine learning, we can also decide, which type of structure of the predictive model,
we want to use. There are artificial neural networks, where connections are created
based on neural networks in the human brain and the aim is to find mapping function,
representing the relationship between inputs and outputs. Then decision trees, which
classify instances by sorting them based on model, where braches representing the
observation about an item and the leaves representing the conclusions about the item’s
target value. Or supper vector machine that separates two data classes based on the

solution of optimization problem [I3].

For the purpose is this thesis, we decided to choose an artificial neural network model.

Although the majority of machine learning models are suitable for the application
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of a decentralized training approach, artificial neural networks are often and widely
used these days in a lot of machine learning problems. This is why we will only deal

in-depth with neural networks.

3.2 Artificial Neural Network

Artificial neural networks are systems inspired by biological neural networks. Such
systems are designed to learn to perform any computation or task. The programming
of rules or decision conditions is not necessary. The most important ingredient for
neural networks is datasets. The neural network can be trained to provide an expected
output based on given input in various industries (medicine, banking, computer science,

process control, etc.) [I1]. There is only one condition. A sufficient amount of data.

Input layer Hidden layer Output layer

Input neurons Hidden neurons Output neurons

Figure 3.1: The basic structure of neural network
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3.2.1 Structure and Calculations

In general, the neural network is composed of computational units called neurons or
nodes. They are organized in layers and each neuron has a connection with neurons
from different layers (see Fig. . The neurons in layers with their connections create

the network.

To explain how neural networks work, we have to start will layers. There are three
types of layers: input, hidden, and output layer. The number of neurons in the input
or output layer depends on the size of inputs or outputs from the training dataset
respectively. A system with three inputs and one output would have the three neurons
in the input layer and one neuron in the output layer. The hidden layer is a special
case. The neural network does not have to consist only of one hidden layer. The
number of hidden layers and the number of their neurons are not restricted. The

appropriate setup is described in [4].

0.4 r

0.2

Otan (S)

-0.2 1

-0.4 f

-0.6 -

-0.8 [

Figure 3.2: The graph of hyperbolic tangent sigmoid function
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To deeply understand, how a neural network works, we have to precisely define the
variables in it. So, let the n} be the k-th neuron (node) in layer I. Then, let 2} be the

input vector to nfc, computed as
l I-1N\T, 1
2k = () Tw, (3.1)

where w! is the vector of weights assigned to node nl, expressing the importance
of corresponding inputs to the outputs, and a'~! is the vector of outputs from the
previous layer. Now, the term bias will be introduced. Bias b% is the numerical value,
unique for each neuron, which is added to the z}. The expression 2% + b} represents

the argument of the activation function, which provides the output from layer [9].

Neuron
l
7z by,
-1 l k,1
a; — Wi,
n Zl L 3
5 1 Lyl k.2 < ! a
2. a k,2 > > — Otagn —— ay =
S N =
] . O
l
-1 ol Zkn
an Wk,3

Ny

Figure 3.3: Structure of computations in neuron

In general, there are four types of activation (transfer functions). Unit step (threshold),
sigmoid, piecewise linear, and Gaussian. The purpose of the transfer function is to
translate the input signals to output signals and to keep the output values within

specified bounds. We have decided to use the hyperbolic tangent sigmoid transfer



22 Machine Learning

function o4y, (s), defined as follows

2

= — -1 .2
1+e2s (3:2)

Utom(S)

According to the (3.2), the result of each neuron in our case is between —1 and 1 (see
Fig, . After applying the activation function, the outcome of node nfc is computed

as
2
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aéc = Utan(zllc + bgc) =

0 = z;, where z; is the

If we consider the input layer as [ = 0, then a° is initialized as a
input vector from given training dataset. Then (x;,y;) represents the input-output
pair, where ¢ = 1,..., N, while N represents the length of training dataset. The

calculation are also illustrated in Fig. [3.3

3.2.2 Training Process

We have just explained the function of each neuron in our network. But how is it
possible, the neural network provides the expected output? We will answer the question
in this section. But first, we have to understand the training process of the neural net

is composed of two stages:

e Forwardpropagation (model evaluation)

e Backpropagation (model training)

3.2.2.1 Forwardpropagation

Forward propagation is the stage, where weights and biases are fixed and inputs can
vary, which provides the predicted output. In the model evaluation part, the difference
between real outcome from neural network and target outcome is not important. This

stage is called feedforward because the output from one layer is used as input of the
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next layer, there are no loops involved and the information is only passed forward and

never back [15].

The first step in the learning process is to initialize the weights and biases mentioned
in the neural network structure. Normally, their values are initialized randomly. Then,
the neural net is built and starts with a feedforward step to compute the output. In
short, the input layer provides the training set. The input to the (first) hidden layer is
obtained as a multiplication of the delivered training set and its weights (similar to
(3-1)). The output of this layer is computed as the result of the activation (transfer)
function described in . The result multiplied with another weights set represents
the input to the next layer. And the procedure is repeated again until the output is

achieved. This is the feedforward step.

The very important operation is to iterate over the whole training set to let the network
learn and to evaluate all predicted outputs. Obviously, the outcome of the feedforward
step does not match the expected output. So the learning procedure is switched to the

second phase called backpropagation.

3.2.2.2 Backpropagation

In the second stage, the model training stage, the inputs, and the predicted outcomes
are fixed, while weights and biases vary and the network ends with error evaluation.
The sequence of backward steps is executed in parallel with updating the weights and
biases based on the values of two parameters. The first is the value of cost function
describing the inaccuracy (error) of the result produced by the forward step and the
second is the learning rate. The most commonly used cost function is quadratic called

mean squared error (MSE)

o N
NZ |Gi(, 0) — will3, (3.4)
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where ) is predicted output, weights and biases are collectively denoted as 6 and X
stands for input-output vector pairs (z;,y;). Naturally, the cost function looks simple.
But we have to remember, y is computed as a long sequence of the mathematical
operations with a huge amount of variables. The aim of the neural network learning
is to equal target and computed output. It means, we have to find optimal values of

weights and biases by minimizing the cost function as
9 N
. . . “ o~ _ . 2
min E(X, ) = min Eﬂ 19:(x, 0) — will3- (3.5)

Sometimes this optimization problem can be easily solved by calculating the derivates
of (3.4). Mostly, the problem includes a lot of optimized variables, which make this
computation quite impossible to make. That is the reason, why the gradient descent

method is used in neural network training.

In literature, the term backpropagation is referred to as an algorithm for computing
gradient. It does not include the information about, how this gradient is used [§]. This
is exactly what the gradient descent method serves for. But for the purpose of this

paper, we label the whole model training stage as backpropagation.

Gradient descent method is an iterative approach of finding the local minimum of the
problem. It is based on the evaluation of the function gradient (or its approximation).
The steps, proportional to the negative gradient, are taken (more information in

Algorithm [3)), in order to reach the optimum.

In the neural network training process the step «, introduced in , is called learning
rate. « defines how fast, we move towards the global optimum. The choice of this
parameter is very important. If « is very small, a lot of iterations are needed for
reaching the minimum. On the other hand, the big numerical value of the parameter

could lead to failure in finding a minimum by passing it.
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Algorithm 3: Gradient descent

Input: Initial guesses x¢ and step o and a numerical tolerance ¢ = 10~6.

Repeat:

1. Evaluate the value of the gradient of function f(z) or its approximation

V= %. (3.6)

2. If V < ¢, terminate with * = zo as a numerical solution.

3. Calculate the z-variable

=z + aV. (3.7)

4. Update the iterates * — xg and continue with Step 1.

As we mentioned, it is not always possible to evaluate the gradient of E(X,#). So, in
order to use a gradient descent method, we have to find an efficient way to compute
VE(X,0). For this purpose, we will introduce the backpropagation algorithm. To
simplify the notation, we will consider the bias of neuron nj as a part of the weights
vector

W,i = (bfc, le, . ,w§€7n)T, (3.8)

and also a! is augmented as

Al =(1,d},...,al)T. (3.9

n

That way, multiplication (A'~1) T W]/ represents the same expression as (a'~1) Tw! + bt .

The backpropagation algorithm is characterized by evaluating subgradients, step by
step, in a backwards direction (from the output layer to the input layer). The gradient

of the cost function can be evaluated based on chain rule as
OE(X,0) 0AL 0zb 9AL-19zl-1  9A 9z} ) ’ (310)

JAL  9ZL QAL=19ZL-1 9AL=2 """ 971 D,

where L is the number of the last layer. Some parts can be substituted. The derivation

VE(X,0) = (

of input Z” in terms of previous output A“~! is computed as a weight W between

them. We also simplify the expression % to derivative of activation function (o).

VEX,0) = (WHT (') ... WEWYT (o= WE) T (6L)YV L E(X,0)  (3.11)
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Then the term layer error is defined as
o= ()Y (WhHHT L (WE YT (eE Y W) T (62) Va4 E(X, 6), (3.12)
and we can evaluate the subgradient for layer [
VE! =¢s(A=HT, (3.13)
The 6' can easily be computed recursively as
s = (o (W Tt (3.14)

Now, we finally have all ingredients to calculate the new weights W for each layer,
based on gradient descent algorithm (Algorithm 7 starting with the last layer and
progressively approach the input layer [17]

w! =W!+aVE" (3.15)

pdate

And this is the whole training process. Naturally, the mentioned steps are repeated,
until all weights and biases reach their optimal values and the neural network provides

the minimal MSE for each training set.

3.3 Decentralized Learning

Since we already know how the artificial neural network training works, we are able
to divide this process into several computational units (agents) as shown in Fig. (3.4
That way, the computational burden and memory footprint of one calculation unit
are decreased by delegating the part of the calculations to the agents, and the whole
procedure can be more effective. Nowadays, this approach is widely studied, because

there are even more advantages relating to privacy.

We live in a data era. There are millions, billions, or even more datasets, which can

be very useful for machine learning. The data, that are publicly available and some
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companies have the right to use them in their machine learning algorithms, come from
user searches on the internet, from social media contribution, etc. Still, it is only a
small fraction of all data. The rest is the locked private data, that user’s (or generally
the agents) do not want to share and which stay untapped in users devices, such as

mobile phones, tablets, and laptops.

(ne powerful calculation uD /several ordinary calculation units\

fil

!

[

—-*
[ e

— -

\ with huge dataset / \ with small datasets /

Figure 3.4: Scheme of distribution the calculations from one to several calculation

units

No one wants his privacy violated, so in order to keep it but be able to use the sensitive
data in the training process, the distributed and decentralized machine learning was
introduced. The main idea is simple. Since there is no way to obtain the user private
data for the training process, the opposite approach was devised. The training model
is provided to the agents, which allows them to run their own learning procedure on
their data and to share only partial results (parameters of the model), while the train

data never leave the local devices [I].
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It works as follows. Let’s have a network with K agents. The training dataset X,
consisting of input-output pairs (x;,y;), where z; € R™ is input vector, y; € R™
is output vector of i-th sample, is created from the K data subsets. Each agent
receives the model of the neural network (number of hidden layers and neurons) and is
encouraged to start its own learning. After finding the optimal values of biases b and
weights w of models by each agent, these parameters are shared among network, the
average is computed (the ADMM or ALADIN approach can be used) and the training
process starts again with biases and weights initialized as mentioned average. These
steps are performed repeatedly until all agent models converge to the same values of b

and w.

The shared partial result can be processed in one place, parent agent, or central unit,
but it has some disadvantages. If the central unit fails or stops working, the whole
training process is interrupted. Therefore, a decentralized approach is increasingly
used [5]. This way agents communicate and exchange the information between them
without any intermediary or third party. It is called peer-to-peer communication. If
any agent stop working, the learning process is not compromised. The convergence

rate of both approaches is discussed in Chap. [5] with all graphic and numerical results.



CHAPTER 4
Application of Distributed

Optimization

In this part, we focus on the application of ADMM and ALADIN methods, in order
to compare their convergence properties, not only on problems with a smooth convex
objective but also with non-smooth and non-convex cost functions. The chapter also
contains a discussion dealing with a comparison of a centralized and decentralized

approach.

4.1 Data Fit with Affine Function

The problem of fitting the data is a very common and for the needs of the paper,
we assume this problem also for the demonstration of the efficiency of distributed
optimization. The general form of data fit problem, if we consider the approximation

of data by affine function, is defined as follows
N
. 2
rg}gl;((azwz +a1) —yi)°, (4.1)

where a; and ay are optimized variables and also as represents the slope of the function
and a; its section. x = (z1,...,2x)" and y = (y1,...,yn) ' are data sets (see Fig.

4.1)) that are asssumed to be given.

In this particular problem, we have to deal with the issue that every agent in the
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networked system has its own private data of position and this data are not allowed to
share. In this point, the problem becomes more complex. The main task is to
solve the problem to global optimum on the condition of privacy. For this purpose, the
optimization problem has to be divided into a local and global optimization problem,

which is the base of decentralized optimization.

Figure 4.1: Data set representing the position of agents

The local optimization problem is evaluated for each agent independently in the form

min (U,i,gxi + Qi1 — yi)Q

a;i 1,2
s.t. a;1 = dl (42)
a;2 = as,
where 4 is the identifier for each agent and N is the number of agents in networked
system, a; 1, a; 2 are local optimized variable unique for each agent and d, dz represents

the global optimum. This problem definition is the same for ADMM and ALADIN,

but the global optimization differs and will be discussed in the next part.
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4.1.1 Algorithms

The distributed algorithm for the data fitting problem consists of three steps, which
are performed sequentially and repeatedly. The algorithm terminates, when each agent
converges to the same global result, which means that each agent disposes of the same

value of optimized variables.

4.1.1.1 Local Optimization

In the local optimization, the augmented Lagrangian is applied to problem (4.2) in

the form

i ~ ~ 4 -
Li(ai,a,\) = (Xia; — Y:)* + A (a; — a) + §||a¢ —all3, (4.3)

where 7 is the agent identifier, a; = (a;,1, ai_rg)—'— is a vector of local optimized variables,
@ = (dy,d2)" are global optimized variables, X; = (x;,1) and Y; = y; represents the

private dataset and )\, is vector of Lagrange multipliers.
The local optimal values are then evaluated es follows

a,; = arg min Lf)(ai, a, /\i)a (4'4)

a;

where @ and \; are constants, with values calculated in the previous iteration by global
optimization and dual variable update steps. The a-minimization step is evaluated in
consideration of (4.4) for each agent independently and these results are shared among

network for global optimization step.

4.1.1.2 Global Optimization

The global optimization, a-minimization step, running among all agents, and its

computation depends on the type of method.
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1. ADMM METHOD

It uses the simplified version of (2.19b]) and it is defined as

a 1 [ai,+a5,+ - +a}
vy _ 1 [aaTaz, N1 (4.5)

az N algtazs+ -+ ay,

and the result is sent back to the agents.

. ALADIN METHOD

The output of global optimization in ALADIN is different. There is a vector of
global values, which is distributed to the agents, but its calculated in another

way, based on the result from minimization in form

N
1
min <2Aa;-rHiAai + giTAal)
p—" (4.6)
s.t. a*+ Aa=a*+ Aa,
where a* = (a}, a3, ... 7a}‘\,)—r is the vector of optimal results from agents with
ay = (a},a},)" and @* = (a3,...,a},a})". The same applies for increment

Aa = (Aay,Aas, ..., Aay)" and Aa = (Aas,...,Aay,Aar) . This optimiza-
tion problem is also solved by using the Lagrangian form and the global result is

then

a; = a; + Aaj. (4.7)

Here we must be careful about the choice of H and g. We could evaluate them
as the Hessian matrix and gradient, but only for a task, where data privacy
does not play a role. In problems concerning the privacy, H and g have to be
evaluated differently. In our case, they have been initialized randomly and tuned

to provide a satisfactory result.
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4.1.1.3 Dual Variable Update

This step is executed again by each agent with its private data information. So the

dual variable update has a form
ML= 2\E 4 p(a; — a). (4.8)

The algorithm is repeated until the stopping criterion is satisfied. For specific details

of ADMM or ALADIN algorithm, see Algorithm [1| or Algorithm [2| respectively.

4.1.2 Results for Data Fitting

The convergence of methods depends on intial values of optimized variables ag, the
value of parameter p and value of tolerance for stopping criteria €. The initial points

o = (0,0), tolerance ¢ = 1072 and p = 10 have been specified.

ADMM

ALADIN
optimal b
data

Figure 4.2: Comparison of ADMM and ALADIN for data fitting problem
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As is shown on Fig. [£.2] we can compare methods by precision of approximation. The
value of cost function in optimum for ADMM is f(a}ppp) = 0.3982 in comparison
with the value f(aipapiy) = 0-3674. There is also difference in the number of
iterations needed for the methods to convergate nearby the global optimum of the
original problem. Iterations needed for ADMM kapnm = 23 are incomparably to the
interations of ALADIN method kapapiny = 6. The convergence is ilustrated on Fig.
for ADMM and on Fig. 4] for ALADIN, where a* represents the global optimum
for initial problem .

0.8

2
|a] — a1

0.2

5 10 15 20 5 10 15 20
iteration iteration

Figure 4.3: Convergence of ADMM

Thse results are also summarized in Tab. [I.I] where errors in optimum e; and ey are

calculated as follows
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Figure 4.4: Convergence of ALADIN
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Table 4.1: Comparison of ADMM and ALADIN method applied to data fit problem.

Error in optimum (%)
Method | Objective value f(a*) | No. of iterations

el €9
ADMM 0.3982 23 1.0 1.4
ALADIN 0.3674 6 0.4 0.3

As a result, we assume the ALADIN as a more effective method for solving data fitting

problem according to the number of iterations and precision of the minimization.

4.1.3 Centralized vs. Decentralized Approach

If we look at the algorithms introduced for this regression problem, we will understand,

it is assumed that there is some central unit, which provides global optimization.

The general idea of presenting the results above of a centralized approach is to prove

the functionality of algorithms before we will dive into a more complex decentralized

approach.
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Figure 4.5: Structure of network with connections in decentralized approach

We have already discussed the advantages and disadvantages of both types of opti-
mizations in Sec. [2.6] When it comes to algorithms, the only difference is in the
global optimization step. It is no longer evaluated in some central unit, but each agent
computes their own global optimal variables, based on information from agents, with
which it is interconnected. In this comparison, the convergence rate of 5-th agent is
shown. Fig. [47]illustrates the connection between agents in the network, where the
central unit is absent. The connections of monitored 5-th agency are highlighted with

orange color.

4.1.3.1 ADMM

Let’s see the comparison of centralized and decentralized optimization provided by
the ADMM method. Even though this agent has only 4 connections, its convergence
properties are comparable to the properties of a centralized approach (Fig. and
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Figure 4.6: ADMM convergance rate of 5-th agent in centralized approach
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Figure 4.7: ADMM convergance rate of 5-th agent in decentralized approach

The number of needed iterations for the decentralized ADMM method has increased
from 23 to 37 in comparison with a centralized algorithm. The accuracy of the result

(Tab. is worse, but the difference is negligible.
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Table 4.2: Comparison of centralized and decentralized approach of ADMM method
on data fitting problem

Error in optimum (%)

Approach Objective value f(a*) | No. of iterations
€1 ()
Centralized 0.4012 23 1.0 1.3
Decentralized 0.4080 37 1.2 1.3

The more interesting thing is the increasing tendency to oscillate. It is caused by
indirect information exchange. Although the 5-th agent is not connected to each agent,
its neighbors are connected to other agents, so the result provided by them indirectly
carries information about all local optimized variables. In the end, the algorithm
converges to the global solution, due to this structure. It may seem that the algorithm
should have ended much sooner, but we need to keep in mind, there are eleven other

agents and the algorithm terminates when each agent will satisfy the stopping criteria.

4.1.3.2 ALADIN

Now, we will compare the centralized and decentralized approach for a more complex

ALADIN method.

Table 4.3: Comparison of centralized and decentralized approach of ALADIN method
on data fitting problem

Error in optimum (%)

Approach Objective value f(a*) | No. of iterations
€1 €9

Centralized 0.3982 6 1.0 1.3

Decentralized 0.4218 21 1.3 1.4




4.1 Data Fit with Affine Function 39

0.7 7
 — S
0.6 1 6
0.5 5
0.4
= — 4
i} 3
I 03 |
xen x 3
s S
0.2
2
0.1
1
0 ' —1
0
-0.1
1 2 3 4 5 6 1 2 3 4 5 6
iteration iteration

Figure 4.8: ALADIN convergance rate of 5-th agent in centralized approach
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Figure 4.9: ALADIN convergance rate of 5-th agent in decentralized approach

It is obvious, that the decentralized approach is significantly worse in comparison
with centralized. It takes 15 iterations more, and the result is not that precise as in
centralized (see Tab . But it still converges very well. If we compare the number of
iteration in ADMM and ALADIN decentralized optimization, ALADIN still provides

a better result in the convergence rate.
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4.2 Event Scheduling

Many times it happens that we meet with the problem when it is necessary to plan
a meeting to suit all participants. For the purpose of this thesis, the term event
scheduling refers to searching for a time slot that is empty for each participant’s
calendar. We assume three work calendars as shown in Fig. The first issue of

this task is the non-smoothness of a cost function.

busy rate

1 1 1 1 1

08:00 10:00 12:00 14:00 16:00
time

Figure 4.10: Ilustration of the three work calendars

We decided to approximate the functions representing the calendar by a higher-degree

polynomial to achieve a smooth function. The most precise approximation of these
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functions was provided using the 6th-degree polynomial in the form
P = pea® + psx® + pax® + psa® + paa® + pr + po, (4.10)

where p = (po,...,ps) are coeflicients of polynomial, which are calculated using

optimization and x is vector of data representing the calendar. The aproximation is

shown on Fig.

busy rate

1 1

7 8 9 10 11 12 13 14 15 16 17
time

Figure 4.11: Aproximation of calendar functions

As we can see, this problem is nonconvex, which signifies the second issue of calendar
optimization. In general, ALADIN is designed to solve even nonconvex optimization
problems, but it was proven that ADMM may be divergent if f(z) is nonconvex
[10]. However, using ADMM on this particular problem (event scheduling) leads to a
satisfactory result. In this particular problem, the term satisfactory result signifies,

that each agent has found the same half-hour block for scheduling the event.



42 Application of Distributed Optimization

4.2.1 Algorithm

The distributed optimization algorithms for event scheduling is very similar to the
algorithms for data fitting problem. They consist of the same three parts: local
optimization, global optimization, and dual variable update. The original problem of

event scheduling is mathematically defined as
N N
min f(z) = n:gnz; filz) = m;nZ;Pl(x) (4.11)
1= 1=

Since we have different cost functions, the only difference between data fitting problem
and event scheduling problem is in the formulation of augmented Lagrangian, used in

the local optimization step. It has the following form
Li(ai, 7, \) = Pi(2:) + A\ (25 — &) + 2|z — 7|2 (4.12)
p\Lis by Ag i\ L 7 % 2 i 25 .

where x; represents the optimized variable (in this case it is a time) of i-th calendar,
and P; is the polynomial representing the participants availability. The local optimal
time for organizing a meeting is computed as

x} = argmin Lf)(xi, T, ). (4.13)

ez

The global and dual variable update steps are then evaluated as in the data fitting
problem, depending on which method is applied. For ADMM the global optimization
step is evaluated as (4.5, for ALADIN as (4.6)) and the update of the Langrangian

multiplier as (4.8]).

4.2.2 Results for Event Scheduling

The setup for this problem was the same as for the data fitting problem, but tolerance
has to be adjusted, because the € = 0.08, which represents the precision of 5 minutes,
was enough to achieve a good solution. The important thing to mention, the local
optimization was performed by numerical optimization methods (gradient method,

Luus-Jaakola method, etc.), so there is a high dependence on the initial point.
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Figure 4.12: Solution of optimization for ADMM (blue line) and ALADIN (green

line)

As we can see on Fig. .12 the ALADIN methods provided more precise result then

ADMM. Summarization is in Tab. [4.4]

Table 4.4: Comparison of centralized and decentralized approach of ALADIN method

on data fitting problem

Method | Objective value f(z*) | No. of iterations | =z

20 15.53
15.77

ADMM 5.0140
ALADIN 4.4397 9
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Specifficaly, the value of cost function f(zfpapny) = 4.4397 for ALADIN result
Thpapin = 15.77 turned out to be smaller then f(x}ipyn) = 5.014 for ADMM result

o = 15.53.
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Figure 4.13: Convergence rate for ADMM (blue line) and ALADIN (green line)

algorithms

The amount of iterations needed for convergence confirms the ALADIN method
karapin = 9 as more convenient for data fitting problem then ADMM kapyv = 20

(Fig. 4.13). The reason can be found in different global optimization step.

4.2.3 Centralized vs. Decentralized Approach

To compare the centralized and decentralized approach for event scheduling, we decide
to add more participants with their calendars, because the application of decentralized
optimization on the problem with three agents would not be very justified. That is
the reason, why we added two more agents to the system. So now, we are searching
for an empty spot among five calendars, as shown in Fig. .14 As we can see, the

block, where each agent is free, is between 9:00 am and 10:00 am.
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Figure 4.14: Illustration of all calendars with a common optimal time

The results of decentralized optimization algorithms differs based on defined connections

between agents. We decided to use the structure of the network as shown in Fig.

4 L3

y y |
) y \ y /

\ | h'e;cwork/ 2 "

Figure 4.15: Structure of network with connections in decentralized approach
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To illustrate the convergence properties of a centralized and decentralized approach for
ADMM and also ALADIN method, we decided to show the result for only one agent.
It is not important, which agent is chosen because the algorithm terminates only when

each agent has a similar value of the optimized variable.

4.2.3.1 ADMM

After applying the ADMM method in both ways, it is evident, that the convergence
rate of a centralized approach is faster (Fig. [4.16)) then in decentralized, although the

number of iterations, 35 for centralized and 41 for decentralized, is not very contrasting.

10 10
I I
8 8
6 __ 6
W 8
| |
Ca B a4l
2 | 2 L\"’\n\lu\
0 0
5 10 15 20 25 30 35 10 20 30 40
interation interation

Figure 4.16: ADMM convergance rate of 3-th agent in centralized and decentralized
approach

In terms of accuracy, both techniques have achieved excellent results. The values of
the optimal time and the objective function is located in Tab. [L.5] The decentralized
optimization process is a little bit slower, as expected, but the result is still very

precise.
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Table 4.5: Comparison of centralized and decentralized approach of ADMM method

on event scheduling problem

Approach Objective value f(z*) | No. of iterations T*
Centralized 9.9190 35 9.2910
Decentralized 9.9610 41 9.3507

These results are encouraging since the goal is to replace the centralized approach with

decentralized approach, so the whole procedure of searching the optimal variable can

be distributed to agents without any central unit involved.

4.2.3.2 ALADIN

In general, the convergence of the ALADIN method is faster, in comparison with

ADMM, regardless of the approach. Regarding the number of iterations and the

accuracy of the centralized and the decentralized algorithms, the results are almost

indistinguishable. Tab. provides a summary of these values.

Table 4.6: Comparison of centralized and decentralized approach of ALADIN method

on event scheduling problem

Approach Objective value f(z*) | No. of iterations x*
Centralized 9.9433 16 9.3248
Decentralized 10.2400 20 9.4123

A more interesting thing can be seen in Fig. where the convergence rate has no

gradually decreasing character. The explanation can be found in Fig. In this
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case, the 3-th agent is used to present the results (yellow calendar). This agent is
interconnected with two other agents (green and blue calendars). The first iterations
of an algorithm provide the optimal time as 16:00. It is not an incorrect behavior,
because it is a local optimum for mentioned three agents. The further the algorithm
runs, the value of an optimized variable is affected by remaining calendars, which

causes convergence to the global optimum.
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Figure 4.17: ALADIN convergance rate of 3-th agent in centralized and decentralized
approach

In this particular comparison is shown, that ADMM provides smoother change in
convergence rate than ALADIN. Since ADMM is based on averaging the optimal
variables, convergence error decreases slowly without huge osciallations. On the other
hand, in ALADIN method the result of global optimization problem is calculated,

which leads to big changes in convergence rate, but also to faster termination.



CHAPTER 5

Decentralized Neural Network Training

In this chapter, we will declare the results of the proposed distributed and decentralized
artificial neural network training. Several special cases are introduced, in order to test
the robustness of the learning process. The structure of a neural network, which was

used in test examples is illustrated in Fig. [5.1]

input layer hidden layers output layer

Figure 5.1: Structure of the neural network used for the training tests
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A chosen neural network contains of

e 1 input layer with 2 neurons,
e 3 hidden layers with 4 neurons at each layer,

e 1 output layer with 1 neuron.

In order to provide all test trainings, the Deep Learning Toolbox build in MATLAB
is used. We need to supply this toolbox with information about the structure of the
neural network mention above, the input and target dataset and we can also initialize

the weights and biases. In MATLAB, three different data structures have to be defined.

{4 x 1 double}
{4 x 1 double}
{4 x 1 double}
{1 x 1 double}

{4 x 4 double}
W = {{4 X 2 double}} , LW ={{4x4double} p, b=
{4 x 1 double}

The input layer weight structure /W with dimension 4 x 2, since there are 8 connections
between input neurons and neurons in the first hidden layer (Fig. . The hidden
layer weight LW contains of 36 values, 16 between each connected hidden layers and
4 between last hidden layer and output layer. Finally, there are 13 values in a bias

matrix b, 12 for neurons in all hidden layers and 1 for output neuron.

5.1 Decentralized Training

We consider the urgency to teach a neural network to control the simple system

(movement of a mass point). The system has the following form

0 1
&= Ax+ Bu= x+ u, (5.1)
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where A is dynamic matrix, B is input matrix, = [z1,22] " is a vector of two states

and w is control input.

NET 1
1
50 = prediction
= = target
-1
0 10 20 30 40 50
sample
NET 2
1
50 == prediction
= = ‘target
-1
0 10 20 30 40 50
sample
NET 3
1
=) = prediction
= = target
-1
0 10 20 30 40 50
sample

Figure 5.2: Comparison of predicted and target outputs of 3 trained networks

The data for the neural network training is available and the size of this dataset is
[1850 x 3]. The aim is to train this a neural network in distributed way. So the dataset
is split into four sub-sets. The three of them are used for training three different neural
networks. Their parameters are shared between each other and the average of them
is computed in every single step. The convergence is reached iteratively. In the end,
there are three neural networks, with the same parameters. So in general, we can say,
there is one neural network, trained to control the given system. The last data sub-set

is used to verify the quality of the trained neural network.
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As we can see in Fig. [5.2] all sub-nets are trained very precise and provide the expected

result in comparison with test data (the last sub-set).
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Figure 5.3: The properties of average neural network

The convergence error (CE) is computed as follows

Ns
CE = (it —u)?, (5.2)
i=1

where Ny is the number of testing samples, @ is the output provided by the trained
network (prediction) and u is the expected output (target) defined in the last sub-set.
The bias, input weight, and layer weight are structures with dimensions defined at
the beginning of this chapter. The parameter error (PE) of mentioned structures (as

shown on Fig. is defined as

Np
PE=Y_|p —pil, (5.3)
i=1
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where IV, is the number of parameters in structures, p is the value of an exact parameter

in structure and p is the average value of this parameter calculated as

Z (5.4)

1
Ny

with Ny defined as the number of trained neural networks.
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Figure 5.4: The CE and PE values in each iteration

As we can see on Fig. [5.4] and in Tab. [5.1] the convergence error is very small and the
convergence is very fast. C'E =1 is already reached in 10th iteration. The number of

(training) iterations is set to kpmq, = 100.
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Table 5.1: The errors of decentralized training of neural networks in last iteration

Neural net | Convergence error | Bias error | Input weight error | Layer weight error
Net 1 0.165 0.111 0.134 0.258
Net 2 0.163 0.060 0.141 0.288
Net 3 0.173 0.094 0.077 0.243

When the training part is over, the average neural network is obtained and it is used
to control the given system, even it was not trained at all. But its parameters are
gained as average values from parameters of trained networks. The final properties,

the precision, and convergence of the average neural network, are summarized in Fig.

where CE = 0.35.

5.1.1 Convergence Comparison of Training with N Agents

In this part, we will try to answer the following question. What happens with
convergence rate, if the initial dataset is decomposed to more than three agents? The
first guess would be, that if we have more agents, each of them operates with a smaller

amount of data, naturally, the convergence rate will be slower. The answer is in Tab.

based on Fig.

Table 5.2: Comparison of training with different number of agents

Iteration
No. of agents | Convergence error
CE=1|CE=05
10 0.153 10 20
20 0.171 10 35
50 0.914 50 -
100 1.897 - -
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Figure 5.5: Comparison of precision and convergence rate of training with different

number of agents in network

It is obvious that our assumption was correct. The convergence error increases with a

higher number of agents. In parallel, the convergence rate is different. While the cases

with 10 and 20 agents attain the CE = 1 in 10th iteration, the case with 50 agents

needs 50 iterations and the case with 100 agents will never reach mention value. If

we compare the first and second cases, their convergence rate is quite similar at the

beginning. But it changes after several iterations. The convergence rate of 10 agents

is faster because C'E = 0.5 is achieved after 20 iterations, while the second case needs

35 iterations.
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5.1.2 Training with Nonuniform Distribution of Data

A very important thing for neural network training is to test special cases. The term
special case signifies the situation, which is not commonly expected, but there is no
guaranty, it will not appear. One of the special cases is the non-uniform distribution
of data to the agents. It means, that each agent (for this example three agents were

used) gets the dataset with the different output region (see Fig. |5.6)).

Figure 5.6: Nonuniform distribution of data (red region - 1. agent, blue region - 2.

agent, yellow region - 3. agent)

Even the agents have different training output regions, the output of the trained
(average) network is very precise. The convergence rate is not that fast as in previous

examples, which means the more iteration is needed to converge (almost 90), but it is
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satisfactory since the convergence error is equal to 0.28. For the better visualization of

results and convergence graph see Fig.
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Figure 5.7: Average network for nonuniform data distribution case

So, even each agent manipulates with completely different dataset concerning the same

problem, a common solution can be found, by sharing the partial results.

5.1.3 Centralized vs. Decentralized Training

As discussed before, the centralized and decentralized optimization has several pros and
cons. The same applies to both types of trainings. But how it differs in convergence

and precision properties?
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In centralized training, we assume all agents train in each iteration, and the parameters
are shared centrally. So the average parameters are computed based on parameters
from every agent. On the contrary, decentralized way point to the situation, where
each agent evaluates the average on its own in pursuance of the parameter values

provided by agents in the network to which it is connected.
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Figure 5.8: Result of centralized neural network training

So we performed a simple scenario. Ten agents are used to train a neural network.
Fig. illustrates the centralized way of training, meaning that all 10 agents train at
the same time and create one central average net. The convergence rate is very fast.

After 20th iteration, there is no significant change in C'E. The last iteration error is

CE =0.37.
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Figure 5.9: Result of decentralized neural network training

On the other hand, Fig. shows the decentralized training, where convergence rate
is much worse, slower, the number of needed iterations to converge is around 90, but
the last iteration error C E = 0.93 is tolerable. The explanation of the degraded quality
of the learning process is, that each agent is connected only with two more agents, so

the information flow is reduced in comparison with a centralized way.

5.1.4 Dynamical Change in Active Agents

The last test case is oriented on the possibility to train the network without having to
wait to receive data from all connected calculation units. So, we consider 10 agents in
network and only several of them contribute to the average computation. The number

of contributors called active agents is randomly generated in each iteration. The goal
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is to simulate the behavior of real devices, where their computational speed can differ,
there is some data transfer delay, the calculation stops working or it refuses further

cooperation.

=)

©

No. of active agents

0 10 20 30 40 50 60 70 80 90 100
iteration

Figure 5.10: Number of active nets per iteration

Fig. illustrates the number of iterations (corresponding iteration count) belonging
to a given number of active agents. The general distribution over the whole simulation
is shown in Fig. [5.10} so we can see, how many agents provided their information per

iteration.

Corresponding iteration count
3

2 3 4 5 6 iR 8 9 10
No. of active agents

Figure 5.11: Number of active agents corresponding to iteration count
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Figure 5.12: Result of neural network training with dynamical change in active

agents

The results are shown in Fig. [5.12} We can see, the convergence error starts to oscillate
around CE =1 after 20 iterations and there is no improvement. But CE = 0.97, for
350 testing samples, is still satisfying. So, even there is a problem with communication
or some calculation units do not provide their results, the observed agent can still train

its neural network with satisfactory accurancy.
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CHAPTER 6

Conclusions

The aim of this thesis was to design and implement a system, that is able to process
optimization tasks and machine learning in a decentralized enviroment with guaranteed
privacy of agent’s data. The mentioned desgin and implementation were provided on

several tasks with satisfactory results as described in experimental part of thesis.

The first step of this thesis was to solve the optimization problem of a networked system,
where each agent keeps its private and sensitive data, important for the optimization
through the system. Therefore, distribued optimization and the modern algorithms for
its solution were introduced. The most commonly used, ADMM and ALADIN, were
implemented in MATLAB for cases with convex and also non-convex cost functions.
In both cases, ALADIN method came out as preferred, because of a faster convergence
rate. This statement is based on the results of the data fitting and event scheduling

problem.

Regarding the precision of the solution, both methods were comparatively good.
Both algorithms were affected by stopping criteria and mainly by chosen tolerance
€. Tolerance changed according to the optimization problem. The results were also
influenced by the choice of the local optimization algorithm. The type of algorithm

depends on the convexity of the objective.

In addition, the comparison of a centralized and decentralized approach was realized for
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all problems and each method. According to the results, the decentralized optimization
approach has a slower convergence rate than centralized. It is caused by indirect data
exchange among the network. But the accuracy of the result was almost the same as
in a centralized way. This is the positive information, because it means, that we do not
need any central unit to supervise the whole optimization process through the network.
On the contrary, we can benefit from all advantages of a decentralized approach, such
as lower computational burden and memory footprint per calculation unit, elimination

of single point of failure, etc.

The understanding of distributed and decentralized optimization was just the first
step of the thesis. The main goal was to apply this knowledge to machine learning
algorithms. We decided to choose the artificial neural network as a model that can
be trained in not only distributed but also a decentralized way. It can be used
in emerging Federated learning and other modern applications. The result of our
distributed training algorithms was the neural network, which provides very precise
result according to MSE parameter. To test the robustness of distributed training, we
came up with several special tests, such as the non-uniform distribution of data or
dynamical change in active agents. Both converged to the 100-th iteration with the

convergence errors, which were considered as sufficient.

Finally, the comparison of centralized and decentralized learning was made. The
convergence error of centralized learning was smaller in comparison with decentralized
and the same applies for the number of iterations. We expected the slower convergence
rate of a decentralized approach, but such a deterioration in accuracy was not predicted.
However, the convergence error was calculated as a difference between predicted and

target output on 350 samples, so it is still tolerable.

In conclusion, the centralized optimization algorithm can be replaced by decentralized,
if the slower convergence rate is not an issue. The choice of distributed optimization

method is based on the definition of the problem. Even though the ALADIN method is
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preferred in our test problems, the H and g setup for tasks with privacy concerns can
be challenging. This is something, that could be further studied to avoid the laborious

tuning.

The previous conclusion about replacement of centralized approach by decentralized
applies also to machine learning. In addition, in neural network training, we must be
careful about the number of agents in the network. According to Sec. the higher
number of agents, the worse convergence, and accuracy properties. But this is true
only for cases, where one dataset is divided between a huge amount of agents or the
agents manipulate with not a sufficient number of data. The all test cases for neural
network training provided sufficient values of convergance error. However, the learning
was evaluated based on data from simple system. It would be interesting to do further

research with more complex system.
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CHAPTER 7

Resumé

Cielom tejto prace bolo navrhnit a implementovat systém, ktory je schopny vykonavat
optimalizacné tlohy a strojové ucenie v decentralizovanom prostredi s garanciou
privatnosti dat kazdého agenta. Spominany ndvrh a implementécia bola prevedena na
niekolkych tlohéch s uspokojivymi vysledkami ako je popisané v experimentalnej casti

tejto prace.

Prvym z krokov bolo riesit optimalizacny problém systému, ktory sa skladé z viacerych
vypoctovych jednotiek (agentov) navzdjom pospéjanych a dokopy vytvarajucich siet,
kde kazdy agent disponuje svojimi privatnymi citlivymi datami, ktoré st dolezité
pre optimalizaciu beziacu v spominanej sieti. Préave preto bol predstaveny koncept
distribuovanej optimalizacie a modernych algoritmov na jej riesenie. Tie najCastejsie
pouzivané, ADMM a ALADIN, boli implementované v softvéri MATLAB na prikladoch
s konvexnymi ale aj nekonvexnymi ic¢elovymi funkciami. V oboch pripadoch, ALADIN
metdda vysla ako preferovand, pretoze vykazovala rychlejSiu mieru konvergencie. Toto
tvrdenie je zalozené na vysledkoch problému fitovania dat a problému naplanovania

udalosti.

Ak uvazujeme presnost rieSenia, obidve metody boli porovnatelne dobré. Oba algoritmy
boli ovplyvinované stopovacim kritériom, hlavne vybranou hodnotou tolerancie. Téato
hodnota sa menila na zdklade definicie optimalizacného problému. Okrem toho boli

vysledky ovplyvnené aj vyberom algoritmu pre lokdlnu optimalizaciu, ktorého typ
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zavisi od konvexnosti tcelovej funkcie.

Okrem tohoto bolo realizované aj porovnanie centralizovaného a decentralizovaného
pristupu pre vsetky problémy a kazdd metédu. Na zaklade vysledkov, decentralizovana
optimalizacia vykazuje pomalsiu konvergenciu ako centralizovana. Je to spdsobené
nepriamou vymenou dat v sieti. Napriek tomu presnost riesenia bola takmer rovnaka
ako pri centralizovanom spdsobe. Toto povazujeme za pozitivnu informéciu, pretoze
to znamena, ze centralna jednotka nie je potrebna na dohliadanie na optimaliza¢ny
proces v sieti. Naopak, mézeme cCerpat z vyhod decentralizovaného pristupu, akymi
su napriklad nizsia vypocétova zataz a mensie paméfové miesto vypoctovej jednotky,

eliminécia jedného bodu zlyhania, atd.

Pochopenie distribuovanej a decentralizovanej optimalizacie bolo len prvym krokom.
Hlavnym cielom bola aplikicia tychto vedomosti na algoritmy strojového ucenia.
Rozhodli sme sa pouzit umelé neurénové siete ako model, ktory méze byt natrénovany
nie len distribuovanym ale aj decentralizovanym sposobom. Nieco takéto moze byt
pouzité v mnohych modernych aplikaciach v oblasti zdravotnictva, bankovnictva, a
pod. Vysledok nasich algoritmov distribuovaného trénovania bola neurénovéa siet,
ktord poskytuje velmi presné vystupné hodnoty, na zéklade informécie C'E parametra.
Pouzili sme viacero $pecidlnych prikladov na odtestovanie robustnosti distribuovaného
trénovania, ako napriklad nerovnomerné rozdelenie dat alebo dynamicki zmenu v ak-
tivnych agentoch. Oba pripady skonvergovali pocas 100 iteracii s chybou konvergencie,

ktora bola povazovana za uspokojivi.

Nakoniec bolo prevedené porovnanie centralizovaného a decentralizovanho ucenia.
Chyba konvergencie centralizovaného ucenia bola mensia v porovnani s decentralizo-
vanym a to isté plati aj pre pocet itericii. Pomalsia konvergencia decentralizovaného
pristupu bola ocakavana, ale také znizenie presnosti rieSenia nebolo predpokladané.
Kazdopadne, chyba konvergencia bola pocitana ako rozdiel predikovaného a cielového

vystupu na 350 vzorkach, takze je to stéle tolerovatelné.
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Ak si to zhrnieme, algoritmus centralizovanej optimalizdcie moze byt Gplne nahradeny
decentralizovanym, ak pomalsSia konvergencia nie je prekdzkou. Vyber metédy dis-
tribuovanej optimalizacie zavisi od definicie problému. Aj ked je ALADIN metéda
preferovana v nasich testovacich prikladoch, nastavenie H a g, pre tlohy vyznacujuce
sa obavami o ochranu stkromia, moze predstavovat vyzvu. Toto je niec¢o, ¢o by mohlo

byt dalej skiimané za cielom vyhnutia sa pracnému ladeniu.

Predoslé tvrdenie o nahradeni centralizovaného pristupu decentralizovanych plati aj
pre strojové ucenie. Naviac, pri trénovani neurénovych sieti musime byt opatrni, ¢o sa
tyka poctu agentov v sieti. Podla Sek. plati, Ze ¢im je vacsi pocet agentov v sieti,
tym je presnost a miera konvergencie horsia. Ale toto plati iba pre pripady, kde je jeden
dataset rozdeleny medzi vysoky pocet agentov alebo agenti manipuluji s nedostato¢nym
mnozstvom dat. Vsetky priklady trénovania neurénovych sieti predkladané v tejto
praci, poskytovali uspokojivé hodnoty chyby konvergencie. Napriek tomu, uciaci proces
bol vykonavany na zaklade dat z jednoduchého systému. Bolo by zaujimavé previest

dalsi prieskum so zlozitejsim systémom.
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